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Abstract 
Traditionally, experimental research on structural members has focused on the isolated 
fundamental cases of pure compression/tension, major axis bending or minor axis bending, 
whilst beam columns under compression and uniaxial bending have also been tested. Biaxial 
bending has received less experimental attention and it has always been assumed that tests on 
the idealised cases of major axis bending and minor axis bending can be used together with 
numerical predictions of biaxial bending to determine suitable interaction curves. This 
investigation reports an experimental study on aluminium flexural members with variable 
angles between the plane of bending and the major axis of the cross-section. Cross-sections 
with various thicknesses and hence plate slenderness values are considered. The experimental 
results are used to validate a numerical model that allows a large number of cross-sectional 
dimensions and loading cases to be examined. Following parametric studies and generation of 
numerical data, the design provisions for biaxial bending specified in EN 1999-1-1 are 
compared against the predictions provided by the Continuous Strength Method (CSM) and a 
new proposed method. The comparison shows that EN 1999-1-1 provides overly conservative 
results with biaxial bending resistances underestimated by approximately 17%. Both the CSM 
and the proposed method are observed to significantly improve predictions by reducing, on 
average, underestimations down to 3% and 1%, respectively, and consequently enabling a 
better usage of the material and ultimately a more economic and sustainable design. 
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Aluminium alloy structural members are lightweight, have high strength-to-weight ratio and 
high resistance to corrosion, can be shaped into a wide range of cross-sections, whilst being 
aesthetically pleasant. They are currently used in construction as secondary structural elements 
in buildings supporting elements of the building envelope as well as in partition walls, 
windows, doors and staircases among others. 
The stress-strain relationship of aluminium alloys exhibits a linear behaviour at low strains 
becoming rounded with increasing strain while showing strain hardening. Similar to other 
metals such as cold-formed steel or stainless steel, its material behaviour is therefore 
approximated by a Ramberg-Osgood type law. In the European code for structural aluminium 
members EN 1999-1-1 [1], aluminium alloys are specified using a numerical designation 
system with nine possible series followed by a temper designation  that indicates the type of 
heat treatment applied during manufacture. In the built environment, the 6000 and 7000 are the 
most widely used series which are magnesium-silicon alloys that have a tensile strength f0 of 
about 300 MPa. Compared to steel and due to the fact that aluminium Young modulus E is 70 
GPa, aluminium structural components exhibit higher deformations and are more susceptible 
to buckling. 
The advantages of aluminium as a material over other traditional construction materials has led 
many researchers to investigate the response of aluminium alloy structures under different 
loading conditions. Existing experimental research on aluminium alloy structures shows that 
focus has been given to  the isolated fundamental cases of tension [2], compression of short [3-
10] and long [9,11-16] columns and uniaxial bending [5,17-25], whilst leaving biaxial bending 
(i.e. bending about the major and minor axis simultaneously) unexplored.  
The treatment of biaxial bending in European design codes has been developed under the 
assumption that tests on elements under the fundamental cases of minor and major axis bending 
can be used to calibrate numerical models upon which to base biaxial bending response and 
subsequent derivation of interaction curves.  In the EN 1999-1-1 [1], the design provisions for 
biaxial bending are found in section 6.2.9 where Eqs. (1-3) should be satisfied.  
𝑀𝑦,𝐸𝑑
𝑀𝑦,𝑅𝑑
























≤ 1  for hollow or solid cross-sections (3) 
In Eqs. (1-3) My,Ed and Mz,Ed are the design values of the bending moments about the y-y and 
z-z axis respectively, My,Rd and Mz,Rd are the bending moment resistances with respect to the 
y-y and z-z axis, and 𝛾0 and ξ0 are defined in Eqs (4, 5). 
𝛾0 = 1 or alternatively taken as 𝛼𝑧
2 but 1 ≤ 𝛾0 ≤ 1.56 (4) 
ξ0 = 1 or alternatively taken as 𝛼𝑦
2 but 1 ≤ ξ0 ≤ 1.56 (5) 
For the determination of My,Rd and Mz,Rd, Eqs (6, 7) should be used  where αy and αz are the 
shape factors for bending about the y and z axis respectively defined in general terms in Table 
1. The parameters shown in Table 1 are: Wpl is the section plastic modulus; Wel is the section 
elastic modulus; Weff is the section effective modulus; α5 and α10 are shape factors 
corresponding to curvature values equal to 5 and 10 times the elastic curvature respectively, as 
defined in Annex G of EN 1999-1-1 [1]; n is the material Ramberg-Osgood exponent in the 
plastic range; β is the slenderness parameter defined in terms of the width-to-thickness ratio of 
the plated elements of the cross-section and β2 and β3 are the Class 2 and Class 3 slenderness 
limits defined in Table 6.2 of EN 1999-1-1 [1].  The use of the alternative shape factors α5 and 
α10 is an alternative approach outlined in Annex F of EN 1999-1-1 that accounts for the material 
strain hardening. The former factor α5 is used for brittle alloys with a strain at ultimate stress 
εu between 4 and 8%, while the latter factor α10 is used for ductile alloys able to reach a εu 
greater than 8%. 
 
𝑀𝑦,𝑅𝑑 = 𝛼𝑦𝑊𝑒𝑙,𝑦𝑓0/𝛾𝑀1 (6) 
𝑀𝑧,𝑅𝑑 = 𝛼𝑧𝑊𝑒𝑙,𝑧𝑓0/𝛾𝑀1 (7) 
 




1 𝛼0 = 𝑊𝑝𝑙/𝑊𝑒𝑙 or (8) 









2 𝑊𝑝𝑙/𝑊𝑒𝑙 (11) 







4 𝑊𝑒𝑓𝑓/𝑊𝑒𝑙 (13) 
 
An alternative design method that accounts for material strain hardening and therefore can be 
also used to determine the cross-sectional bending resistances is the continuous strength 
method (CSM). The development of the CSM started in early 2000s when the method was first 
developed for predicting compression and bending resistances in isolation of stainless steel 
austenitic sections [26]. Subsequently, the method was extended to cover other stainless steel 
alloys [27, 28], conventional structural steel also under combined compression and uniaxial 
bending [29, 30] as well as aluminium alloys [21, 31]. The CSM is currently included in the 
AISC Design Guide 30 [32] and has two main components: (1) the base curve that establishes 
the deformation that a cross-section can achieve and (2) a material model that allows for strain 
hardening. For the above mentioned materials, the CSM has been developed for square hollow 
sections (SHS), rectangular hollow sections (RHS) and I-sections. Its applicability to biaxial 
bending design has not been considered which will be investigated in the present article. 
 
The CSM base curve gives the normalised deformation cross-section capacity εcsm/εy, where 
εy=f0/E is the material yield strain, as a continuous function of the cross-section slenderness 𝜆𝑝 
as given by Eq. (14). The normalised deformation capacity εcsm/εy is limited to the minimum 
of either 15 or C1εu/εy, where εu is the strain at the ultimate stress of the material. The first 
limitation relates to the material ductility requirements set out in EN 1993-1-1 [33] while the 
second limitation avoids over-predictions associated with the material model. A value for 
C1=0.5 is used for aluminum alloys. The base curve applies to stocky sections with a 𝜆𝑝 ≤ 0.68 
[27] determined as given by Eq. (15) where σcr (or Mcr) is the elastic buckling stress (or critical 
bending moment) of either the full cross-section or its most slenderness constituent plate 
element. The elastic buckling stress (or critical moment) of the full cross-section can be found 
by either using numerical tools such as the CUFSM [34] or empirical equations [35, 36] while 
classical analytical expressions for individual plates [37] can be used for determining the elastic 
buckling stress of the cross-section’s most slenderness element. It is worth pointing out that 
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𝑀𝑐𝑟
 for bending  (15) 
 
The CSM employs an elastic, linear hardening stress-strain model and allows converting the 
normalised strain εcsm/εy into the CSM stress σcsm as given by Eq. (16) where Esh is the material 
strain hardening slope given, for aluminium alloys, by Eq. (17). In the determination of Esh, 
either experimental or material property values given in EN 1999-1-1[1] for the yield strength 
f0 and ultimate stress fu can be used along with a revised equation for the material model for εu 
given in Annex E of EN 1999-1-1 [1] derived in [38] and given in Eq. (18). 
 
𝜎𝑐𝑠𝑚 = 𝑓0 + 𝐸𝑠ℎ𝜀𝑦 (
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Once the σcsm is found, the cross-sectional compression Ncsm and bending resistances for major 
axis My,csm and minor axis bending Mz,csm can be determined as shown by Eqs. (19)-(21).  In 
Eq. (21) α is a dimensionless coefficient taken as 2 for SHS/RHS and 1.2 for I-sections. 
 
𝑁𝑐𝑠𝑚 = 𝜎𝑐𝑠𝑚𝐴 (19) 
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Through experimental testing and numerical modelling of aluminium alloy members subjected 
to the fundamental cases of major and minor axis bending, and biaxial bending (i.e. major and 
minor axis bending simultaneously), the present article generates structural behaviour data. The 
main objectives are to assess the accuracy of the above mentioned design methods and propose 
an alternative approach based on numerical integration. Ultimately, the present article presents 
recommendations to deal with biaxial bending design. The sections under consideration are 
extruded square hollow sections (SHS) and rectangular hollow sections (RHS) made of 
aluminium alloys of the 6000 series. 
2 Experimental study 
2.1 Geometry of specimens 
Fourteen 4-point bending tests were carried out on four SHS and two RHS beams made of 
extruded aluminium. The testing took place in the Civil Engineering Laboratory of the 
University of Birmingham. The nominal dimensions H×B×t of the overall high H, overall 
width B and thickness as depicted in Figure 1 were 50×50×1.64, 50×50×2, 50×50×3, 50×50×5, 
100×50×3 and 100×50×6. The measured dimensions are presented in Table 2 where L is the 
total length of the specimen. Table 2 also indicates whether the specimen was tested in uniaxial 
or biaxial bending. Note that the uniaxial tests performed on 100×50×3 and 100×50×6 are 
referred to as “major” and “minor” when the specimen was subjected to major or minor axis 
bending respectively. A total of 8 uniaxial bending and 6 biaxial bending tests were conducted. 
The specimens were made of the aluminium grades 6063T6, 6060 and 6082T6 which for cross-
section classification purposes are categorised according to Table 3.2 of EN 1999-1-1 [1] with 
a buckling class A. 
Table 2 Dimensions of the cross-sections 
Cross-section Test Mill grade H (mm) B (mm) t (mm) L (mm) 
50×50×1.64 Uniaxial 6063T6 51.10 51.10 1.64 995 
50×50×2 Uniaxial 6060 49.90 49.90 1.97 995 
50×50×3 Uniaxial 6060 50.00 50.00 3.00 995 
50×50×5 Uniaxial 6082T6 50.10 50.10 4.75 995 
100×50×3 Major 6082T6 100.10 50.00 2.93 1500 
100×50×3 Minor 6082T6 100.10 50.00 2.93 1500 
100×50×6 Major 6082T6 101.60 50.80 6.00 1500 
100×50×6 Minor 6082T6 101.60 50.80 6.00 1500 
50×50×1.64 Biaxial 6063T6 50.00 50.00 1.64 995 
50×50×2 Biaxial 6060 50.00 50.00 1.97 995 
50×50×3 Biaxial 6060 50.00 50.00 3.00 995 
50×50×5 Biaxial 6082T6 50.00 50.00 4.85 995 
100×50×3 Biaxial 6082T6 100.00 50.00 2.93 1500 
100×50×6 Biaxial 6082T6 101.60 50.80 6.00 1500 
 
 
Figure 1 Cross-sectional notation 
 
2.2 Material properties 
Coupons were extracted from the cross-sections and subsequently tested in a 50 kN Zwick 
Roell tensile testing machine in accordance with the EN ISO 6892-1:2016 [39]. The coupons 
were 12.5 mm wide with a gauge length of 5.65√A where A is the area of the coupon along the 
gauge length. The coupons were tested under strain control with an applied strain rate of 
0.007%/s up to the 0.2% proof strength f0 and then a strain rate of 0.025%/s was applied until 
fracture. A total of eight tensile coupon tests were performed and the obtained material 
properties are presented in Table 3 where t is the thickness of the coupon, E is the Young’s 
modulus, f0 is the 0.2% proof strength, n is the Ramberg-Osgood exponent, fu is the ultimate 
stress and εu is the strain at ultimate stress. Figure 2 shows some of the failed coupons while 
Figure 3 depicts the stress-strain relationship. It is worth pointing out that the revised model 






here than the current model given in Annex E of EN 1999-1-1 [1]. The material properties were 
used to determine the cross-sectional bending resistances and parameters associated with the 
CSM material model. 
Table 3 Tensile coupon test results 
Coupon t (mm) E (GPa) f0 (MPa) n fu (MPa) εu (%) 
50×50×1.64-1 1.64 66.00 219 40 239 6.76 
50×50×1.64-2 1.64 66.00 207 40 225 6.83 
50×50×2-1 1.97 67.20 213 35 235 7.34 
50×50×2-2 1.97 67.20 210 35 232 6.82 
50×50×3-1 3.00 67.80 208 30 240 7.40 
50×50×3-2 3.00 67.30 188 27 218 8.36 
50×50×5-1 4.85 66.00 277 55 301 8.40 
100×50×3-1 2.93 66.00 300 35 339 8.40 
 
 
Figure 2 Failed tensile coupons 
 
 

























2.3 Uniaxial bending tests 
Eight uniaxial bending tests under the 4-point bending configuration were carried out 
determine the flexural response of the aluminium alloy members. The SHS 50×50×1.6
50×50×2, 50×50×3 and 50×50×5 were tested about one axis while the RHS 100×50×3 a
RHS 100×50×6 were tested about both major (Mj) and minor (Mn) axes. All the beams we
simply supported with steel rollers and plates that allowed in-plane rotation. The clear sp








The 4-point loading arrangement was achieved with a spreader beam that transferred the load 
applied by a 400 kN capacity hydraulic actuator onto the specimens through an arrangement of 
plates and rollers as depicted in Figure 4. The distance between the points of loading and 
supports L0 was 300 mm in the tests on SHS and RHS about the minor axis bending and 600 
mm in the tests on RHS about the major axis bending. Due to the symmetric loading 
arrangement, a constant bending moment diagram and curvature resulted in the region between 
the two vertical loads. The load was applied at 1.7 mm/min and wooden blocks were inserted 





Spreader beam Load cell 
Figure 4 Experimental set up and instrumentation of the uniaxial bending tests 
 
The instrumentation consisted of a load cell, three linear vertical displacement transducers 
(LVDTs) and strain gauges which were all connected to a data acquisition system model 
DataTacker DT85. The load cell was placed under the actuator to record the applied load F. 
The three LVDTs were placed to measure the displacement at midspan ums and the 
displacement under the loading points u1 and u2. The readings provided by the LVDTs were 
used to determine the curvature of the beam κ as given in Eq. (22) [43] where uav is the average 
displacement at the loading points determined as uav=(u1+u2)/2 and Lm is the distance apart of 
the LVDTs placed under such loading points which was 200 mm in the tests on SHS and RHS 
about the major axis bending and 500 mm in the tests on RHS about the minor axis bending. 
Strain gauges were affixed at the top (compression) and bottom (tension) flanges at midspan 
to recode the onset of local buckling, material non-linear effects and a second reading of the 
curvature of the beam. To calculate the latter parameter, the absolute values of strain measured 
at the top flange were added to the absolute values of strain measured at the bottom flange and 
divided by the overall height of the section. All the data recorded by the instrumentation was 





2  (22) 
The acquired data was used to determine the ultimate load Fu,exp and associated moment Mu,exp 
achieved by the tested specimens as well as the curvature at the ultimate bending moment κu,exp 
given in Table 4. This table also reports other relevant results including the elastic buckling 
stress σcr determined by using the CUFSM [34], the slenderness of the full cross-section ?̅?𝑝, 
the ultimate moment resistance normalised by the plastic moment resistance Mu,exp/Mpl where 
Mpl=Wpl·f0, the plastic curvature κp=Mpl/EI and the observed failure mode (FM). There was a 
problem with one of the LVDTs during the test of 100×50×6-Mn that prevented the 
experimental curvature from being determined. 
Table 4 Results of the uniaxial bending tests 
Specimen Span 
(mm) 











50×50×1.64 900 300 392 0.74 1.05 0.79 89×10-6 0.58 LB 
50×50×2 900 300 589 0.59 1.24 0.82 168×10-6 1.08 LB 
50×50×3 900 300 1393 0.39 2.07 0.97 1116×10-6 8.62 Y 
50×50×5 900 300 4081 0.26 4.16 0.90 953×10-6 4.05 Y 
100×50×3-Mj 1300 600 1217 0.49 8.23 0.95 39× 10-6 0.33 Y 
100×50×3-Mn 900 300 342 0.94 4.12 0.79 164×10-6 0.78 LB 
100×50×6-Mj 1300 600 5292 0.23 17.15 1.00 270×10-6 2.22 Y 
100×50×6-Mn 900 300 1492 0.46 8.79 0.87 - - LB 
 
Figure 5 plots the recorded experimental moment M normalised by the plastic moment 
resistance Mp against the displacement at midspan for all eight experiments. The specimens 
failed by either local buckling (LB) or yielding (Y) as reported in Table 4. A graphical 
representation of the failure modes observed in specimens 100×50×3-Mj and 100×50×3-Mn is 




Figure 5 Normalised moment displacement curves for the uniaxial tests 
 
a)  b)  
Figure 6 Failure mode (FM) of specimen a) 100×50×3-Mj and b) 100×50×3-Mn 
2.4 Biaxial bending tests 
The testing method and instrumentation used for the biaxial bending tests was the same as that 
used in the uniaxial bending tests as shown in Figure 7. The biaxial bending was achieved 
through the usage of V-shaped steel plates in the support areas and loading points as detailed 
in Figure 8 that rotated the specimen by 45 degrees. The distance between the points of loading 
and supports L0 was 300 mm and 550 mm in the tests on SHS and RHS, respectively. Three 
strain gauges were used in each biaxial bending tests affixed closed to the top, bottom and front 
corners of the cross-section as shown in Figure 12. The distance apart of the LVDTs placed 





























Figure 7 Experimental set up and instrumentation of the biaxial bending tests 
 
Figure 8 Plate arrangement of the support and loading point 
 
The logged data was used to draw the graph shown in Figure 9 which shows the experimental 
moment M normalised by the plastic moment resistance Mp plotted against the displacement 
at midspan for all six experiments. The Mp of the rotated sections was determined by using 
numerical integration. A tool for this purpose able to calculate the plastic section modulus Wpl 
of the rotated sections was developed. 
 
Key experimental results are presented in Table 5 including the ultimate applied force Fu,exp 
and associated bending moment Mu,exp, the Mu,exp/Mpl ratio, the curvatures κu,exp and κpl, and 
the failure modes (FM). The table also includes the slenderness  
𝜆𝑝 which was found by using the elastic buckling stress σcr obtained from the software package 
CUFSM [34]. The specimens failed by either yielding (Y) or local buckling (LB) of the most 
heavily stressed cross-sectional corner with the former failure mode (FM) observed in the 
stockiest specimens. The six failed beams are depicted in Figure 10. 
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50×50×1.64 900 300 647 0.57 1.15 0.99 120×10-6 0.84 LB 
50×50×2 900 300 971 0.46 1.30 0.95 351×10-6 2.52 LB 
50×50×3 900 300 2297 0.30 1.80 0.97 784×10-6 5.94 Y 
50×50×5 900 300 6742 0.20 4.02 1.03 1203×10-6 6.15 Y 
100×50×3 1300 550 890 0.58 5.16 0.78 25×10-6 0.18 LB 
100×50×6 1300 550 3834 0.28 12.6 1.07 377×10-6 2.91 LB 
 
 
Figure 9 Normalised moment displacement curves for the biaxial bending tests 
 
 






















3 Numerical modelling 
3.1 Description of the model 
Having tested extruded aluminium specimens subjected to the fundamental cases of major and 
minor bending as well as biaxial bending, a numerical model using the general purpose finite 
element (FE) software ABAQUS [44] was developed. 
For the development of the FE models, the four-nodded shell element S4R with reduced 
integration and finite membrane strains has been adopted which is a type of element that has 
been widely and successfully used in similar applications [45, 46]. The modelled geometry was 
based on the centreline dimensions h×b×t shown in Figure 1 by the dash line. The full geometry 
between supports was modelled. A mesh convergence study was carried out to determine a 
suitable element size whilst minimising computational time. A size element approximately 
equal to the plate thickness was selected to discretise the geometry of the aluminium tubes. The 
models were rotated about its longitudinal axis accordingly. 
The obtained material coupon stress-strain curves reported in Table 2, were converted into true 
stress and logarithmic plastic strain and incorporated into the FE model. For sections where 
more than one coupon test was performed, average values were used. A Poisson’s ratio value 
of 0.33 was used. In line with past studies [40, 45-48] residual stresses were not explicitly 
modelled. 
The supports and loading points were modelled using distributed [40] and kinematic coupling 
respectively. At both supports and loading points, the six degrees of freedom were constrained 
with respect to a reference point defined at the centre of gravity of the cross-section which was 
also used for the application of the boundary conditions and loading. At one of the support 
points, all degrees of freedom except rotation about the axis of bending were restrained. At the 
other support point rotation about the axis of bending and translation in the longitudinal 
direction were allowed whilst all other degrees of freedom were restrained. At the loading 
points, the lateral displacement was restrained and vertical forces were applied. 
3.2 Validation 
In order to find the ultimate numerical bending resistance Mu,FE, the models were run in two 
steps. First, a linear elastic analysis was performed to determine the eigenvalues and buckling 
modes. The lowest positive buckling mode was subsequently introduced as the initial 
imperfection shape in the second step which was a static Riks analysis using the default 
numerical convergence criteria and takes into consideration geometry and material non-
linearities. The impact of various initial imperfection amplitudes including t/10, t/50 and t/100 
was examined. The models were also run without considering imperfections in one step only. 
The resulting numerical-to-experimental resistance ratios Mu,FE/Mu,EXP for the uniaxial and 
biaxial models are reported in Tables 6 and 7 respectively, while Table 8 reports the mean and 
coefficient of variation (COV) of all the models together. The results show ratios very close to 
the unity and relatively small COVs. On this basis, it was therefore deemed that the developed 
numerical model is reliable and accurate to predict the uniaxial and biaxial behaviour of 
aluminium SHS and RHS.  The accuracy of the models is also depicted in Figures 11 and 12. 
The former figure shows the moment-midspan displacement where both experimental and 
numerical curves overlap while the latter figure compares the experimental failure of a RHS 
beam against that predicted by the numerical model. 
Table 6 Imperfection sensitivity in the uniaxial models 
Specimen 
Mu,FE/Mu,EXP 
No imp t/10 t/50 t/100 
50×50×1.64 0.99 1.00 0.99 0.99 
50×50×2 1.06 1.07 1.06 1.06 
50×50×3 0.99 1.00 1.00 1.00 
50×50×5 1.05 1.04 1.05 1.05 
100×50×3-Mj 1.01 1.02 1.02 1.02 
100×50×3-Mn 1.02 1.03 1.03 1.02 
100×50×6-Mj 1.07 1.02 1.06 1.06 
100×50×6-Mn 1.06 0.99 1.03 1.05 
Mean 1.03 1.02 1.03 1.03 
COV 0.03 0.02 0.02 0.03 
Table 7 Imperfection sensitivity in the biaxial models 
Specimen 
Mu,FE/Mu,EXP 
No imp t/10 t/50 t/100 
50×50×1.64 0.99 0.82 0.91 0.92 
50×50×2 1.06 0.93 1.02 1.03 
50×50×3 1.06 1.02 1.06 1.06 
50×50×5 1.01 0.99 1.01 1.01 
100×50×3 1.10 0.98 1.05 1.05 
100×50×6 0.98 0.94 0.97 0.98 
Mean 1.03 0.95 1.00 1.01 
COV 0.046 0.073 0.054 0.054 
Table 8 Imperfection sensitivity for all models 
Specimen 
Mu,FE/Mu,EXP 
No imp t/10 t/50 t/100 
Mean 1.03 0.99 1.02 1.02 
COV 0.036 0.060 0.040 0.040 
 
 









Figure 12 Predicted and experimental failure of the RHS 100×50×3 subjected to biaxial 
bending and detail of the strain gauges 
3.3 Parametric studies 
Having validated the numerical model, parametric studies were carried out to explore the 
impact of more cross-section sizes on the biaxial bending response. Building on centreline 
dimensions, the parametric study considered SHS 50×50 and RHS 100×50 with thicknesses of 
1.67, 2, 3, 4, 5 and 2, 3, 4, 5 and 6 mm respectively. With respect to the major axis of the cross-
section y-y, which was deemed the zero degrees axis, biaxial bending was examined for the 

























Figure 13 Definition of axis of the rotated section 
 
The material properties reported in Table 3 were used in the parametric study which considered 
two materials. The first material (alloy 6082T6) was given the properties reported for the 
100×50×3-1 coupon. The second material (alloy 6060) was given the average values of the 
properties reported for the 50×50×3-1 and 50×50×3-2 coupons. Note that based on the ultimate 
strains εu achieved by the coupons, EN 1999-1-1 classifies the first material as ductile and the 
second material as brittle. 
The imperfection amplitude used in the parametric study was t/50. A total of 140 models were 
generated covering a wide range of slenderness and cross-section classes, the results of which 
are presented and analysed in the following section. 
4 Results and assessment of design methods 
The results of the parametric study are presented in this section and compared against the 
design provisions for biaxial bending design given in EN 1999-1-1 [1], the CSM and a design 
method proposed herein and outlined in this section. To this end, the ultimate numerical 
bending resistances for the major and minor axis bending were obtained as My,FE = Mu,FEcosθ 
and MZ,FE = Mu,FEsinθ, respectively. All partial safety factor were set to one. Further details 
follow in the below sub-sections. 
4.1 Comparison with EN 1999-1-1 [1] 
For the comparison of the numerical results and EN 1999-1-1 [1] the interaction graphs 
depicted in Figures 14 to 17 are used. These graphs present the ratio My,FE/My,EC9 plotted 
against the ratio My,FE/MZ,EC9 and the EN 1999-1-1 [1] bending moment interaction curve given 
by Eq. (3) which is labelled as EC9. My,EC9 and Mz,EC9 are the predicted bending resistance 
values by EN 1999-1-1 [1] as given by Eqs (6,7). These values were found with and without 
considering the material strain hardening. Therefore, shape factors 𝛼10 and 𝛼5, were used to 
account for the material strain hardening in alloys 6082T6 and 6060, respectively. Figures 14-
17 place emphasis on the material as well as the cross-section shape. 
The results show that as expected the SHS display symmetry with respect to a line passing 
through the origin with a 45 degree slope as opposed to the RHS. It is also observed that the 










This is attributed to element interaction effects namely for minor axis bending where the shorter 
faces of the RHS provide a more efficient restrain to the longer faces compared to the restrained 
offered by the longer faces to the shorter faces under major axis bending. The results also show 
that due to having greater yield strength f0, alloy 6082T6 exhibits greater capacities and 
consequently, the data lays further from the EC9 interaction curve. However, when material 
strain hardening is considered, closer to the interaction curve the data is observed. Noting that 
all data points fall outside the EC9 interaction curve, EN 1999-1-1 is therefore deemed safe yet 
conservative. 
 


















































Figure 16 Assessment of EN 1999-1-1 with strain hardening highlighting the cross-sectional 
shape 
 
Figure 17 Assessment of EN 1999-1-1 with strain hardening highlighting the material 
 
4.2 Comparison with the CSM 
For the comparison of the numerical results and the CSM, the interaction graphs depicted in 
Figures 18 and 19 are used. These graphs present the ratio My,FE/My,CSM plotted against the 
ratio My,FE/Mz,CSM and the EN 1999-1-1 [1] bending moment interaction curve given by Eq. 
(3) which is labelled as EC9. My,CSM and Mz,CSM are the bending resistance values about the 
major and minor axis bending, respectively, predicted by the CSM as given by Eqs (14,15). 
The determination of the strain hardening slope Esh, see Eq. (17), was conducted by using the 
revised predictive model for εu proposed in [38] and given in Eq. (18). The slenderness of the 













































software. In the comparison with the CSM, only stocky sections with 𝜆𝑝,𝑦 and 𝜆𝑝,𝑧 smaller or 
equal to 0.68 were considered. A total number of 49 SHS and 35 RHS met this requirement. 
The comparison shows that the data falls on both sides of the interaction curve and is 
significantly less scattered than that exhibited by EN 1999-1-1 [1].  
 
Figure 18 Assessment of the CSM highlighting the cross-sectional shape 
 
 
Figure 19 Assessment of the CSM highlighting the material 
4.3 Comparison with the proposed method 
The previously discussed design methods are based on the determination of the moment 
capacities about the major and minor axes according to EN 1999-1-1 [1] and the CSM which 













































account for biaxial bending. An alternative approach, which eliminates the need for an 
interaction equation is proposed and its performance assessed herein. The proposed method for 
biaxial bending design consists of the direct application of the CSM design equations 
considering the cross-sectional properties of the rotated cross-section (i.e. the elastic and plastic 
section moduli) with respect to the horizontal yʹ-yʹ axis shown in Fig. 13. The proposed method 
therefore, requires discretizing the rotated cross-section and applying numerical integration. 
The critical moment Mcr of the rotated cross-section can be obtained with the CUFSM software 
to ultimately find the cross-sectional slenderness of the rotated cross-section 𝜆𝑝 . 
The numerical results obtained from the parametric study were used to assess how biaxial 
bending data compares against the CSM base curve given by Eq. 14. This comparison is shown 
in Figure 20 where the numerical normalised deformation capacity εcsm/εy is plotted against the 
cross-sectional slenderness of the rotated cross-section 𝜆𝑝. The εcsm/εy was obtained as given 
by Eq. (23) [27] where κu is the curvature at the ultimate bending moment, see Eq. (22), 
κel=Mel/EI is the elastic curvature and z’max(θ) is the outermost point or fibre of the cross-
section with respect to the y’-y’ axis, see Figure 13. The comparison shows that the numerical 
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Figure 20 CSM base curve with biaxial bending numerical data 
 
In order to facilitate the utilisation of the proposed method, equations for the elastic and plastic 
section moduli of the rotated section, Wel(θ) and Wpl(θ) respectively, were derived analytically. 
The resulting equations, which are presented in Eqs. (24-27), provided a best fit to numerical 
data generated with a tool that performs numerical integration of general quantities over a 
rotated cross-section with certain angle θ including Wel(θ), Wpl(θ), second moment of area I(θ) 
as well as any stress distribution over the cross-section considering the outermost cross-
sectional point or fibre z’max(θ), see Figure 13. In Eq. (25), Iy and Iz are the second moment of 
















   
considered in Eqs. (24-26) while centreline dimensions are used in Eq, (27), see Figure 1. Once, 
Wel(θ) and Wpl(θ) are obtained and the CSM models for the deformation capacity and material 
applied, see Eqs (14-18), the bending resistance of the rotated cross-section Mcsm(θ) can be 
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The proposed method is compared against EN 1999-1-1 [1] and the CSM in Figure 21 where 
the predicted-to-numerical ratio of the ultimate bending moment Mu,pred/Mu,FE is plotted against 
the slenderness of the rotated cross-section 𝜆𝑝. The predicted bending moments Mu,pred by EN 
1999-1-1 and the CSM were determined by using the interaction graphs presented in Figures 
14-19 measuring the distance from the origin to each data point │OA│, the distance from the 
origin to the intersection of │OA│ with EC9 interaction curve │OB│ and dividing │OA│ 
over │OB│. This approach was used in previous investigations dealing with interaction curves 
[49, 50]. Material strain hardening was considered in the determination of Mu,pred by EN 1999-
1-1 [1]. 
The comparison shows that EN 1999-1-1 provides the most conservative predictions with 
predicted-to-numerical ratios around 0.8 while the CSM and the proposed method provide 
predicted-to-numerical ratios closer to one and therefore are less conservative. The results also 
show that none of the methods is dependent of 𝜆𝑝. Further assessment of the three methods is 




Figure 21 Comparison of the numerical results with EN 1999-1-1 [1], the CSM and the 
proposed method 
 
5 Design recommendations for biaxial bending of aluminium alloys 
Design recommendations are given in this section based on the mean values and coefficient of 
variation (COV) of the predicted-to-numerical ratios for various data sets which are shown in 
Table 9. The ratios were determined for EN 1999-1-1 [1] without considering strain hardening 
labelled as EC9 NSH in Table 9, EN 1999-1-1 [1] considering strain hardening labelled as EC9 
SH in Table 9, the CSM and the proposed method. The data sets under consideration were SHS 
only, RHS only, 6060 alloy only, 6082T6 alloy only, stocky sections, slender sections and all 
the sections for which each approach is applicable. The ratios show that EN 1999-1-1 [1] is 
overly conservative and underestimates biaxial bending capacities by 17% with relatively low 
scatter (i.e. COV of 6.5%). EN 1999-1-1 [1] predictions improve when strain hardening is 
considered but scatter increases in all sets of data. Both the CSM and proposed methods 
significantly improve predictions with, on average, underestimations of only 3% and 1%, 
respectively. The proposed method shows slightly higher COVs than the CSM which is 
because the number of data points that could be considered was larger. Yet, the COV of the 
proposed method when all data is considered is 5.4% which is acceptable. On this basis it is 
concluded that both the CSM and the proposed method presented in section 4.3 which employs 
Eqs. (14-18) and Eqs. (24-28) are alternative methods to EN 1999-1-1 that provide a more 
efficient and reliable design of biaxial bending of aluminium alloy members. 
Table 9 Mean and COV for various data sets and design approaches 
Data set Approach Sample size Mean COV 
SHS EC9 NSH  70 0.86 0.051 
 EC9 SH 70 0.87 0.068 
 CSM 49 0.98 0.035 





















RHS EC9 NSH  70 0.80 0.064 
 EC9 SH 70 0.81 0.067 
 CSM 35 0.95 0.046 
 Proposed method 54 1.00 0.067 
6060 alloy EC9 NSH  70 0.84 0.063 
 EC9 SH 70 0.86 0.078 
 CSM 35 0.96 0.044 
 Proposed method 61 0.98 0.054 
6082T6 alloy EC9 NSH  70 0.82 0.065 
 EC9 SH 70 0.83 0.079 
 CSM 49 0.98 0.040 
 Proposed method 48 0.99 0.053 
Stocky EC9 NSH  84 0.85 0.051 
 EC9 SH 84 0.87 0.058 
Slender EC9 NSH  56 0.80 0.042 
All EC9 NSH  140 0.83 0.065 
 EC9 SH 140 0.84 0.079 
 CSM 85 0.97 0.044 
 Proposed method 116 0.99 0.054 
 
6 Conclusions 
The research presented in this article has reported experiments on aluminium alloy SHS and 
RHS subjected to the fundamental cases of bending about the major and minor axis as well as 
biaxial bending. A test set up for biaxial bending has been presented which, to the authors’ 
knowledge, has never been utilised before. Biaxial bending was achieved through the 
utilisation of V-shaped supports, which rotated the cross-section placed under the specimens 
and between the specimens and loading points. The experimental results were used to calibrate 
a numerical model to subsequently undertake parametric studies and generate biaxial bending 
behaviour data. Seven angles of rotation, five different thicknesses and two aluminium alloys 
namely 6082T6 and 6060 made up the 140 numerical models split into 70 SHS and 70 RHS. 
The numerical results were used to plot interaction graphs and compare the design provisions 
for biaxial bending with and without considering material strain hardening given in EN 1999-
1-1 [1] with the predictions by the CSM and a new proposed approach that directly computes 
the resistance of sections subjected to biaxial bending without the need for using an interaction 
curve equation. The proposed approach utilises the CSM base curve and material model given 
by Eqs. (14-18) but utilises the rotated cross-sectional properties as derived in Eqs. (24-27) to 
ultimately compute the bending resistance of the rotated cross-section as given by Eq. (28). 
The comparison showed that EN 1999-1-1 [1] is safe but underestimates the biaxial bending 
resistance by 17% which is improved by 1% when the material strain hardening is considered. 
That conservatism is significantly reduced by both the CSM and the new approach presented 
in this article to 3% and 1%, respectively. Therefore, both the CSM and the new approach are 
recommended as alternative more accurate and reliable procedures than EN 1999-1-1 [1] for 
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